Chapter 3

Location-Invariant
Greyscale Recognition
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Translation invariance of the Fourier transform'’
power spectrum and the autocorrelation functio

The amplitude of the discrete Fourier transform (DFE B8V I)
or also the power spectrum (amplitude‘s square) rsstedion
Invariant:
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Cost of a general map from vector spa@te- RN
(linear or non-linear)

%x=T(x) mit: dimk)= dimg&)=N

T

The mapping T needs? two-valued (dyadic) operations, if generally every
iInput value affects every calculation of an output value.
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The following schema shows the cost:

X5 Xo

X

X, . .
O(N?) dyadic operations

X3
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E.g. the linear vector space operation:

X Woo Wor Wg W]l Xg

jv( — WX X — Wio Wy Wi, Wygih Xy
B e Wog Wy Wy Woasl| X,
_)~(3_ W W3 Wi Was|| Xg)

foz(:X3)
Xy = (SWoo (X, + WO1D(12 + W, X )+ WX,
f01(;{01)(1)

o 7/

foo (+.X5)=(s)+Wp,olX ,

Addition + multiplication counts as one operation.
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A class of fast, non-linear, translation invariant
transformatiorCT

using recursive factorization of the transformatio

If the transformation can be factorized, I.e. the tramafttion of
dimensionN can be converted into two transformation of dimension
N/2 and then merged with linear cost, the result is:

f1 (X1|2’ X 2|2) X(Jlu)z

X=T(X)=

i fz (X1|2’ X 2|2)_ _X(le)z_

f(x,y) denotes applying the two-valued operatioto the
corresponding elements of the vectaandy.
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Recursive factorization of the transformatidbn
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Resolving the recursion:
Butterfly- or In-Place-information flow graph
of the fast transformatiohn

X (i) (i2) (15—

(12) (12—
m:::fv;m,
Vany
X,

\l><l O?<l U?<l h><z o?<l I\?Q a3 C?<l
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Complexity

ForN=2" factorization results in a cost of:

(AN + 2N /2+ 4[N /4+---N /Z12=N0Od N = NLh operatior

. . 2
l.e. a cost improvement of: N N

Nlog, N B log, N

For N=210=1024, a profit of 1024/F100 fold.
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Running time improvement

N N2 |NId N|profit; N _ N
NOdN IdN
100 10.000 664 15
500/ 250.00 4.483 55
0
1.000 10| 10 100
103 =10°| 1012| 201108 50.000
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Consequences of factorization

1. Fast algorithm witiiNlog,N two-valued
operations

2. In-Place-algorithm

3. Modular use

« Hardware: modular structure with components of
smaller dimension

« Software: modular use of smaller partial
transformations e.g. with limited memory

4. Recursion very efficient for proof (complete
iInduction)

W]
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Generating a homogenous graph by

permutation of nodes

) -
S
X2 )?2

W]
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Generating a homogenous graph by
permutation of nodes

X X
X X
X2 )’22
X X
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Generating a homogenous graph
from a De Bruijn graph

(t,) f
f f
XXo) .
(1,) f

Traverse nodes!
links are taken along
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Changing the Butterfly- to the homogenous graph
for a general base-B factorization by permutatid
of nodes

-

The operationf, of layer] of the Butterfly-graph moves to
", with:

0=, (8) = 1,7

1, denotes) cyclic left shiftings starting at, represented as
B-adic numbers witm=logz N digits
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Homogenous or de Bruljn-information flow
graph of the fast transform
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General parallel signal processbig)
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The transformation T in APL

[0]Z ~TX,N

[1] AT RECURSIVE (with Bit reversal)

2] —(1>N —, pZz — X)-2)/0

[3] Z — (T(N 1 X) FA(N X)), [1.5] (T(N 1t X) F2(N | X)))
[0] Z — T X;I;LN;NH

[1] AT ITERATIV

[2]LN  — 14+2uNH —(p Z — X) = 2

[3] | — 1

[4] M:Z —(NH 1 2Z2) F1(NH | 2)),[1.5]((NH 1'Z) F2(NH | 2))
[5] —(LN>1 — [+1)/M
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Recursive base-3 factorization of transformafion

f1 (X1|31 X 2|3 X 3I3)
X=T (X) — f2 (X1|3’ X oz X 3|9

i fs (X1|3’ X oz X 3|9_

f(x,y,z) denotes applying the three-valued operatida corresponding
elements of the vectorsy and z.

Exercise: Proof of translation invariance with symnoginction
f(a,b,c), e.g. (a-b-c) and (a+b+c).
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The two canonical graphs for a base-3
factorization
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After at least (log N) layers, every input elemertaffects every calculation of
an output element:; !

W]
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The class of fast, non-linear, translation invariant
transformation&T

The translation invariance results from requiring twasesed
commutative operations forf, andf, :

f1,2(a’ b) = f1,2(b1 a)

Examples:

RT QT MT BT
f,(a,b) at+b | a+b | max@p)|allb

f,(ab) |[|la-b | (@-b)* | min(a,b) | alb
definded for:| R R R I,
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Proof of translation invariance for the clds$

ldea: a cyclic permutation of length N can be dividet invo cyclic permutation of
length N/2 mit subsequent permutation of the elem@tsdN/2:

N O OO~ WO DN BFEB O

o U N W NP O N

~N~N O o0 & WODN - O

o g AN NP O W
f
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Proof of translation invariance of the cldSg

Sentence: Forthe claBs T applies:x XX)

Proof with complete induction. The proposition resultmirthe
commutativity of the functiond; and f, for a fixed valueN=2, i.e:

————~—— — e —
- —

x| | f(% Xo) F (X e X))
o] | F00%) | | (X X)) |

[

[

[
X

I,(X) =
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The inductive step is frolN/2 toN ((n-1) - n ). The base is:

~——

@Dy = @
Tl(X1|2) = X2

N

D\ _ (@
Tl(x(2|)2) = X(2|)2

For dimension N results:

XN—l’ XN/2—1 XN/Z—l’ XN—l
XO’ XN/2 XO’XN/Z
fl Xl’ XN/2+1 fl Xl’ XN /21
' 1)
— | Xnjoo2r Xnop | | ot coanutatlve | Xny2-20 Xn-2 | 3 Tl(X1|2) bis
AN ] B Wt ey =
XN—l’ XN/2—1 XN/Z—l’ XN—l Tl(X2|2)
XO’ XN/2 XO’ XN/2
1:2 Xi’ XN/2+1 1:2 X1’ XN/2+1
[ XANr2-20 Xn-2] | [ XNr2-20 A2 |

=X

ged.
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This holds also for 2 dctranslations:

r,(X) = 1,(1,(X)) =1,(X) =

and also:r, >( F X
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BT

X =[0,0,0,0] % =[0,0,0,0]
x' =[0,0,0,1] £ =[0,0,0,1]
x! =[0,0,1,0] /////j:::::?ii;77

x! =[0,0,1,1] % =[0,0,1,1]
X =[0,1,0,1] % =[0,1,0,1]

x, =[0,1,1,0]

X =[0,1,1,1] < =[0,1,1,1]
x! =[1,0,0,0]
X! =[1,0,0,1]
%o =[1,0,1,0]
X, =[1,0,1,1]
X, =[1,1,0,0]
x5 =[1,1,0,1]
X, =[1,1,1,0]
X =[1,1,1,1] %5 =[L1,11]

B-transformation of all one-dimensional binary pattgrforN=4

(complete mapping faN=4!)
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Discussing the properties of the
R-transformation

For R-transformation holds:

f,(a,p)=a+b
f,(a,b)=|a-b




Geometric interpretation of the R-transformatio
for the two-dimensional Euclidian spaie

The effect of the R-Transformation on a two-dimenal Euclidian space can be
geometrically interpreted in a simple way. The eglance class can be
retrieved by reflection on the angle bisection offir& quadrant.

Er(Xs)
T L
X
gf]\' (X 1) °
........... Xl X 4:T 1(X3)
X2:T 1(X 1)
le

N

W]
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Invariance through rotation of the coordinate systenmn
about 45° and convolution of the lower half of thans

and the upper

The effect of the R-Transformation on a two-dimensidfiatlidian space can be
geometrically interpreted in a simple way. The eq@mee class can be
etrieved by reflection on the angle bisection of thet fyisadrant.




Rotation of the coordinate system about 45° and
convolution of the lower half of the plane and thpper

Rotation about 45°:

:)(1COSQT/4)+ X, Sin(T /4):%\/_le+)(2 )

X, ==X SIN(T/ 4)+ X, cosfr /4F —%\/_2)@1—

transformation is not obtained, the followind results:

X =X tX, which is the definition of the R-trans-
S —l|v — formation flirN=2. Completeness is obvious:
% =% =X, oo

Convolution of the upper plane can be achieved by guack instead of
building the absolute value. (Q-transformation): = (1 — T)"
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Example of an incomplete translation invariant

transformation

The neccessary condition invariance can be retrievaurdygction on
the angle bisection of the first quadrant:

it applies:(x y) =|x||ly| cost

.1
= % = 2V204+,)

The neccessary condition

translation invariance is satisfie

but not completeness.

1”4

W]
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Completeness of RT

RT Is in general not complete, e.g. N*4.

8 3,5 17
3 7,5 L 9
X, = . and: X, = 0.5 follows:X, =X, = .
1 ' 5,5 1

Are there more vectors, that have the same transforméa és&
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The map properties for the class RT of dimendws# can be
described as follows:

(Without proof) applies: I[RT (X1) — ]ICT (Xl) ]ICT (x 2)

with: T T T
XO X2 XO X2 Xl X3 Xl XS
X X X X X
H@T(4X):< Xl | Xl | X3 , 3 , 0 , 0 | 2 , 2 &
N1 %X XX X||X||*%
A LA LA LA L] LX) %] [ X%
with: Ier (*%) =7 (x) O T (@())

Union of all cyclic permutations of x and all cycliepnutations of the
reflected patter(x).
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